Abstract. We define a nonassociative generalization of cyclic Azumaya algebras employing skew polynomial rings D[t; σ], where D is an Azumaya algebra of constant rank with center C and σ an automorphism of D, such that σ| C has finite order. The automorphisms of these algebras are canonically induced by ring automorphisms of the skew polynomial ring D[t; σ] used in their construction. We achieve a description of their inner automorphisms. Results on the automorphisms of classical Azumaya algebras and central simple algebras of this type are obtained as special cases.
Introduction
Let D be an Azumaya algebra of constant rank with center C. Let σ ∈ Aut(D) be a ring automorphism, such that σ| C has finite order m and fixed ring S 0 = Fix(σ) ∩ C. We assume that C/S 0 is a cyclic Galois ring extension of degree m with Galois group Gal(C/S 0 ) = σ| C . We define generalized cyclic Azumaya algebras with the help of the skew polynomial rings D
[t; σ] as quotient algebras D[t; σ]/D[t; σ]f for some f (t) =
where m is the order of σ| C and d ∈ S 0 = C ∩ Fix(σ). Generalized cyclic Azumaya algebras are special examples of crossed product algebras that are Azumaya algebras: the crossed product is taken using the Azumaya algebra D of constant rank and the cyclic group σ . In particular, this construction yields cyclic Azumaya algebras when employing a Galois ring extension S/S 0 with cyclic Galois group G = σ for an automorphism σ of S with fixed ring S 0 when choosing the skew polynomial ring for the construction. This approach allows us to fit generalized Azumaya algebras into a more general family of nonassociative algebras using a construction that goes back to Petit [18] : if we take f (t) = t m − d, where m is the order of σ| C , but allow d ∈ D × , we still obtain an algebra over S 0 but for d ∈ S 0 , this algebra is not associative. More precisely, the algebra S f = D[t; σ, δ]/D[t; σ, δ]f is defined on the additive subgroup {h ∈ D[t; σ, δ] | deg(h) < m} of D[t; σ, δ] by using right division by f to define the algebra multiplication g • h = gh mod r f . The algebras S f were introduced and studied in detail by Petit in [18, 19] when D is a division ring, and more generally for arbitrary rings in [20] .
Note that associative generalized cyclic algebras over fields were investigated by Amitsur in [3] and nonassociative generalized cyclic algebras over fields in [7] . Another generalization of associative generalized cyclic algebras over fields called associative cyclic extensions of simple rings was considered by Kishimoto [14] .
After introducing the basic terminology in Section 1, we introduce nonassociative generalized cyclic Azumaya algebras and some of their properties in Section 2. In Section 3, we then prove that every automorphism of a nonassociative generalized Azumaya algebra A of constant rank over S 0 is canonically induced by some ring homomorphism of D[t; σ] (Theorem 10). Furthermore, the automorphisms H idD,k that extend id D are in one-one correspondence with the elements of the group {c ∈ C | N C/S0 (c) = 1}. These are the only automorphisms of A, unless some τ = id D that commutes with σ can be extended to an S 0 -automorphism of A as well. In particular, every automorphism of an associative generalized cyclic Azumaya algebra A of constant rank extends an automorphism τ ∈ Aut S0 (D) that commutes with σ, and the possible extensions H τ,k of an S 0 -automorphism τ that commutes with σ are in one-one correspondence with the group {c ∈ C | N C/S0 (c) = 1}. Moreover, the S 0 -automorphisms τ of D that commute with σ form a subgroup of the automorphism group of the Azumaya algebra.
In Section 4, we show that all automorphisms of a nonassociative generalized cyclic Azumaya algebra can be written as a composition of an inner automorphism and a map that is a canonical extension of τ to A of the type
τ (a i )t i (Theorem 16). We also prove that the automorphisms H idD,k of a nonassociative generalized cyclic Azumaya algebra which extend the identity id D are inner for all k ∈ C, such that there is c ∈ C × with k = c −1 σ(c). In the special case that we have a nonassociative generalized cyclic algebra (D, σ, d) over a base field, all its automorphisms are of this last type.
As an immediate consequence of our results, the automorphisms of an Azumaya algebra (D, σ, d), where the ring extension satisfies an analogue of Hilbert's Theorem 90, are the composition of an inner automorphism G c , c ∈ C × with the canonical extension H τ,1 of some τ ∈ Aut S0 (D) which commutes with σ (Corollary 18). In particular, the automorphisms of a generalized cyclic central simple algebra over a field are induced by ring automorphisms of the ring D[t; σ] used in their construction; each is the composition of an inner automorphism G c , c ∈ C × with the canonical extension H τ,1 of some τ ∈ Aut S0 (D) which commutes with σ (Corollary 19). If A = (K/F, σ, d) is an associative cyclic central simple algebra, we show that all its automorphism can be described as inner automorphisms of the type G ct j for some c ∈ K with N K/F (c) = 1 and a suitable integer j, 0 ≤ j ≤ m − 1.
1. Preliminaries 1.1. Nonassociative algebras. Let R be a unital commutative ring and let A be an Rmodule. A is an algebra over R if there exists an R-bilinear map A × A → A, (x, y) → x · y, denoted simply by juxtaposition xy, the multiplication of A. An algebra A is called unital if there is an element in A, denoted by 1, such that 1x = x1 = x for all x ∈ A. We will only consider unital algebras.
The associator of A is given by [x, y, z] = (xy)z −x(yz). The left nucleus of A is defined as 
is the nucleus of A. Nuc(A) is an associative subalgebra of A containing F 1 and x(yz) = (xy)z whenever one of the elements x, y, z lies in Nuc(A). The center of A is defined as C(A) = {x ∈ A | x ∈ Nuc(A) and xy = yx for all y ∈ A}.
For a subring B of a unital ring A, the centralizer (also called the commutator subring if A is associative) of B in A is defined as Cent A (B) = {a ∈ A | ab = ba for all b ∈ B}. If Cent A (B) = B then Cent A (B) is a maximal commutative nonassociative subring of A.
An automorphism G ∈ Aut(A) of an algebra A is called an inner automorphism if there is an element m ∈ A with left inverse m l such that G(x) = (m l x)m for all x ∈ A. We denote such an automorphism by G m . Given an inner automorphism G m ∈ Aut(A) and some H ∈ Aut(A),
is also an inner automorphism. Indeed, [27, Lemma 2, Theorem 3, 4] generalize to any nonassociative algebra over a ring:
The set {G m | m ∈ Nuc(A) is invertible} of inner automorphisms is a subgroup of Aut R (A). For each invertible m ∈ Nuc(A) \ C(A), G m generates a cyclic subgroup of inner automorphisms which has finite order s if m s ∈ C(A), so in particular if m has order s.
If the nucleus of A is commutative, then for all invertible n ∈ Nuc(A), G n (x) = (n −1 x)n is an inner automorphism of A such that G n | Nuc(A) = id Nuc(A) .
1.2. Azumaya algebras. An algebra A is called an Azumaya algebra over a unital ring R, if A is finitely generated as an R-module, A is a separable extension of R, and the center of A is R. Equivalently, A is an Azumaya algebra if A is a finitely generated R-module and A/Am a central simple R/m-algebra, for all maximal ideals m in R.
A commutative ring extension R ′ of R is called a splitting ring of A if A⊗ R R ′ ∼ = End R ′ (P ) for a suitable faithfully projective R ′ -module P . If S is a maximal commutative subalgebra in A and S is separable over R then S is a splitting ring for A [15] .
1.3. Galois extensions. Let S be a commutative ring. Recall that two S 0 -algebra homomorphisms σ and τ are called strongly distinct, if for every non-zero idempotent e ∈ S there is x ∈ S such that σ(x)e = τ (x)e.
If we assume that S is an S 0 -algebra and faithfully projective as an S 0 -module, and that G is a group of S 0 -algebra homomorphisms of S, then the following conditions are equivalent: (i) S is a separable S 0 -algebra, finitely generated projective as an S 0 -module, and rank S0 S = |G|. All elements of G are pairwise strongly distinct.
(ii) S is faithfully projective as an S 0 -module, rank S0 S = |G| and for every σ ∈ G there exist x i,σ , y i,σ ∈ S such that
(iii) ϕ : S ⊗ S −→ S n , ϕ(s ⊗ t) = (sτ (t)) τ ∈G is an isomorphism of S-algebras where n is the order of G. If one of these conditions is satisfied we call S/S 0 a Galois extension with Galois group G in the sense of Chase-Harrison-Rosenberg [9] .
Moreover, S/S 0 is called a weakly Galois extension (resp., (G-)Galois in Szeto's papers [22, 23, 24, 25] ) if S is a separable algebra over S 0 , finitely generated projective as S 0 -module, and there is a finite group of automorphisms G of S such that S 0 = S G is the fixed ring of G in S. Note that if S/S 0 is a Galois extension with Galois group G then this implies that S G = S 0 . If S/S 0 is a Galois extension and the elements in G are S 0 -automorphisms of S then S is a weakly Galois extension of S 0 of constant rank (cf. [11, Lemma 2.3, Corollary 2.4] for this summary). If S/S 0 is a Galois extension with Galois group G, then the map H → S H gives a one-one correspondence between the set of subgroups of G and the set of S 0 -subalgebras S H of S which are separable and G-strong, i.e. the restriction of any two elements of G to S H are either equal or strongly distinct as maps from S H to S H . In this paper, we will use commutative Galois extensions that are weakly commutative Galois extensions.
1.4. Skew polynomial rings. Let S be a unital associative ring, σ a ring endomorphism of S and δ : S → S a left σ-derivation, i.e. an additive map such that δ(ab) = σ(a)δ(b) + δ(a)b for all a, b ∈ S. Then the skew polynomial ring S[t; σ, δ] is the set of skew polynomials g(t) = a 0 +a 1 t+· · ·+a n t n with a i ∈ S, with term-wise addition and where the multiplication is defined via ta = σ(a)t + δ(a) for all a ∈ S. That means,
for all a, b ∈ S, where the map ∆ n,j is defined recursively via
is the sum of all polynomials in σ and δ of degree j in σ and degree
For σ = id and δ = 0, we obtain the usual ring of left polynomials
For f (t) = a 0 +a 1 t+· · ·+a n t n ∈ S[t; σ, δ] with a n = 0 define deg(f ) = n and deg(0) = −∞.
Then deg(gh) ≤ deg(g) + deg(h) (with equality if
h has an invertible leading coefficient, or g has an invertible leading coefficient and σ is injective, or if S is a division ring). An element f ∈ S[t; σ, δ] is irreducible if it is not a unit and it has no proper factors, i.e if there do not exist g, h ∈ R with deg(g), deg(h) < deg(f ) such that f = gh.
1.5. Algebras obtained from skew polynomial rings. Let S be a unital ring and R = S[t; σ, δ] a skew polynomial ring where σ is injective.
Let mod r f denote the remainder of right division by f . The skew polynomials of degree less that m canonically represent the elements of the right
together with the multiplication
is a unital nonassociative ring S f also denoted by S[t; σ, δ]/S[t; σ, δ]f . S f is a unital nonassociative algebra over the commutative subring
When the context is clear, we will drop the • notation and simply use juxtaposition for multiplication in S f . Note that if f has degree 1 then S f ∼ = S, and if f is reducible then S f contains zero divisors. For all invertible a ∈ S we have S f = S af .
In the following, we assume m ≥ 2 and call the algebras S f Petit algebras as the construction goes back to Petit [18] .
S f is a free left S-module of rank m with basis
When S is a division ring, these inclusions become equalities [20, Theorem 4] .
which is proved analogously as [20, Theorem 8 (ii) ], where δ = 0.
. If a 0 is invertible, the two sets are equal [6, Proposition 7.4 (iii)], implying {a ∈ S | ah = ha for all h ∈ S f } = {a ∈ S | a ∈ Fix(σ) and ca = ac for all c ∈ S} = C(S)∩Fix(σ).
Nonassociative generalized cyclic Azumaya algebras
In the following, let D be a unital ring with center C = C(D). Let σ ∈ Aut(D) be a ring automorphism, such that σ| C has finite order m and fixed ring S 0 = Fix(σ) ∩ C. Moreover, we assume that C/S 0 is a cyclic Galois ring extension of degree m with Galois group Gal(C/S 0 ) = σ| C . This implies that C has constant rank m as an S 0 -module.
Let
a nonassociative algebra over its center
Moreover, since d is invertible we know that
In the associative setting, i.e. when d ∈ S × 0 , we have the following result:
Then the following statements are equivalent:
(ii) D is an Azumaya algebra over C.
Proof. (ii) implies (i):
Since D is an Azumaya algebra over C, D is separable over C. Moreover, S f is a separable extension of D, since
is a separable idempotent of S f over D: we have m
gx = xg for all g ∈ S f . Thus S f is a separable extension of S 0 by the transitivity of separable extensions. By our general theory on Petit algebras, we know that S f is an algebra with center S 0 . By construction, S f is finitely generated as an S 0 -module, since D is finitely generated over C. Therefore S f is an Azumaya algebra over S 0 .
Thus D is a separable S 0 -algebra by the Commutator Theorem for Azumaya algebras [12, Theorem 4.3] , since C is a separable S 0 -algebra. Therefore D is an Azumaya algebra.
Assuming additionally that σ has finite order m, we obtain:
and let σ have finite order m. Then the following statements are equivalent:
Proof. We only need to show that
The rest is proved in [22, Theorem 3.3] . For this we note that both Fix(σ) ⊂ {u ∈ S f | G t (u) = u}
. This proves the assertion.
More generally, we still have:
Theorem 4. Let D be an Azumaya algebra over C and let σ| C have finite order m. Consider the Azumaya algebra
is an Azumaya algebra with center
Proof. ( (ii) The associative setting in [22] is more restrictive than the one we consider: in [22] , the ring automorphism σ ∈ Aut(D) is always required to have finite order m, and d ∈ Fix(σ).
Since m is the order of σ, in that case 
Our definition of associative generalized cyclic Azumaya algebras generalizes to nonassociative algebras as follows:
× , is finitely generated as an S 0 -module of constant rank m 2 n 2 .
If S is a commutative ring, and S/S 0 is a cyclic Galois extension of degree m with Galois group generated by σ and 
Proof. The proof is analogous to the one in the associative case when
c ∈ C, implying that a i (c − σ i (c)) = 0 for all c ∈ C and for all i. Since by assumption C is a cyclic Galois extension of S 0 , the ideal of C generated by {c − σ i (c) | c ∈ C} is C. This means a i = 0 for all i > 0 and so
The general structure theory of Petit algebras gives us the following two results: 
If s = 1 is a prime or S 0 is a domain, then
(iv) S is a maximal commutative nonassociative subring of (S/S 0 , σ, d). Hence S is always contained in the nucleus of (S/S 0 , σ, d) and if S 0 is a domain, then the nucleus of (S/S 0 , σ, d) is S. Azumaya algebra over S 0 = C ∩ Fix(σ). In the following σ sometimes also stands for σ| C to simplify notation. For k ∈ C, we define N C/S0 : C −→ S 0 via
Proof. (i) is trivial as S/S
Some of the ring automorphisms of the skew polynomial ring D[t; σ] canonically induce algebra automorphisms of (D, σ, d):
) be a nonassociative generalized cyclic Azumaya algebra. Let τ ∈ Aut S0 (D) be an algebra automorphism that commutes with σ. For all k ∈ C × such that
Then H τ,k is an automorphism of A that extends τ . H τ,k is canonically induced by a ring automorphism of D[t; σ].
(ii) For all k ∈ C × such that N C/S0 (k) = 1,
the proof of [14, p. 75] works for D[t; σ]).
It is straightforward to see that for τ ∈ Aut S0 (D) and [17, Theorem 7] or [6, p. 55 ff.], the proofs also work when D is not a division algebra). In particular, this means that if k ∈ C × satisfies (1) then G(f (t)) = m−1 l=0 σ l (k) f (t) = af (t) with a ∈ D × being the product of the σ l (k), and so G induces an isomorphism of S f with S af = S f , i.e. an automorphism of S f = (D, σ, d).
(ii) follows from (i).
All the automorphisms of a nonassociative generalized cyclic Azumaya algebra (D, σ, d) are canonically induced by ring automorphisms of the twisted polynomial ring D[t; σ], i.e. the maps H τ,k are all possible automorphisms:
for some τ ∈ Aut S0 (D) which commutes with σ, and some 
The proof is similar to the one of [7, Theorem 6] , but works also when the algebra is associative, as it does not rely on the right nucleus being D, whereas the proof of [7, Theorem 6] Thus
we have
and
Comparing the coefficients of t i yields
for all z ∈ D. This implies that
for all z ∈ C. Now σ restricted to C generates the Galois group of the cyclic Galois extension C/S 0 by assumption, and τ | C : C −→ C fixes S 0 by assumption, thus lies in this Galois group. Hence τ | C commutes with σ| C and we obtain
for all z ∈ C, therefore
for all w ∈ C. As σ| C has order m, we know that σ| C = σ i | C for all 1 = i ∈ {0, . . . , m − 1}.
Since C/S 0 is Galois, we also know that the ideal of C generated by {c − σ
is all of C by [10, p. 80] . That means k i = 0 for all 1 = i ∈ {0, . . . , m − 1}. For i = 1, we
for all i ∈ {1, . . . , m − 1} and all z ∈ D, H has the form
The fact that H τ,k is by assumption a multiplicative map forces σ and τ to commute:
Thus we obtain τ (σ(c))k = kσ(τ (c)) for all c ∈ D and some
By Theorem 9 all these maps are automorphisms induced by automorphisms of the skew polynomial ring, since σ and τ commute.
(ii) For τ = id D , H has the form
It is clear that H τ,k = H ρ,l if and only if σ = ρ and k = l, and that
(ii) Suppose that S 0 contains an mth root of unity ω. ((D, σ, d) ) of order at most m.
As a consequence of Theorem 10 and Corollary 11 we obtain all automorphisms of a nonassociative cyclic Azumaya algebra:
for some τ ∈ Aut S0 (S) and some k ∈ S × such that τ (d) = N S/S0 (k)d. All maps H τ,k where τ ∈ Aut S0 (S) and where
× such that N S/S0 (k) = 1, id S can be extended to an automorphism
Proof. (i) Let S/S 0 be a cyclic Galois ring extension with Gal(S/S 0 ) = σ of order m, σ an automorphism of S. Then for all τ ∈ Gal(S/S 0 ) and k ∈ S × such that
is an automorphism of the nonassociative cyclic Azumaya algebra (S/S 0 , σ, d) that extends τ (choose D = C in Theorem 9). Since all τ ∈ Aut S0 (S) commute with σ, we obtain all automorphisms this way by Theorem 10.
(ii) and (iii) follow from (i) and Corollary 11.
Note that if S 0 contains an mth root of unity ω, and τ has finite order s, then the cyclic subgroup H τ,ω of Aut S0 ((S/S 0 , σ, d)), again has order at most ms.
If S 0 has no non-trivial mth root of unity, we obtain: 
Proof. Every automorphism of A has the form H id,k : suppose that there exist j ∈ {1, . . . , m− 1} and k ∈ S × such that H σ j ,k ∈ Aut S0 (A). This implies
Now H 2 σ j ,k must have the form H σ 2j ,l for some l ∈ S × . Comparing (2) and (4) yields 
Proof. It remains to show (iv), which holds since we have the canonical extension H τ,1 for each τ ∈ Aut S0 (A) that commutes with σ.
, be a cyclic Azumaya algebra. Then every τ ∈ Aut S0 (S) can be extended to an automorphism
All maps H τ,k where τ ∈ Aut S0 (S) and where k ∈ S × such that N S/S0 (k) = 1 are algebra automorphisms of A. In particular, Aut S0 (S) = σ ⊂ Aut S0 (A).
These are all possible automorphisms. So there is a bijection between the set of automorphisms of A = (S/S 0 , σ, d) and the set
and for each τ ∈ Aut S0 (A), there are either infinitely many (if the set of norm one elements in S is infinite) or |{k ∈ S × | N S/S0 (k) = 1}| different possible extensions.
Inner automorphisms
We now consider the inner automorphisms of nonassociative generalized cyclic Azumaya algebras. 
Theorem 16. (a) Let
A = (D, σ, d) be a nonassociative generalized cyclic Azumaya algebra. Let k ∈ C such that there is c ∈ C × with k = c −1 σ(c). (i) H τ,k = G c • H τ,1 (note that H τ,1
is not necessarily an automorphism here, just a map). (ii) The automorphism H id,k of A is the inner automorphism
with the last equality holding because of Π
(ii) follows from (i) and (b) from (a).
A similar result to Theorem 16 (a) (i) was proved for automorphisms of (associative) G-Azumaya algebras over a connected commutative ring R with a primitive sth root of unity in [5] when G is a finite abelian group of finite order n and exponent s, provided that Pic s (R) is trivial and n a unit in R.
Let us look at the associative setting: We have
Thus also H σ j ,1 = G t −j is an inner automorphism for all integers j, 0 ≤ j ≤ m − 1, and so is G c • H σ j ,1 = H σ j ,c −1 σ(c) = G ct −j for all c ∈ C × . The rest of the assertion is trivial. All of (b) follows from (a). τ (a i )t i )c which implies the second equality.
(ii) We know that Aut S0 ((S/S 0 , σ, d)) = {H σ j ,k | 0 ≤ j ≤ m−1, k ∈ S × such that N S/S0 (k) = 1}. Now we also have H σ j ,l = G c •H σ j ,1 for l = σ(c)c −1 , and H σ j ,1 = G t −1 •G t −1 •· · · G t −1 = G t −j , thus H σ j ,l = G c • G t −j = G ct −j is an inner automorphism. This implies the assertion.
4.1.
The automorphisms of central simple algebras. In this section let D be a division algebra which is finite-dimensional over its center F = C(D) and σ ∈ Aut(D) such that σ| F has finite order m and fixed field F 0 = Fix(σ) ∩ F . Thus F/F 0 is automatically a cyclic Galois field extension of degree m with Gal(F/F 0 ) = σ| F . For all d ∈ F × 0 , A = (D, σ, d) is a generalized cyclic central simple algebra over F 0 , cf. [13] .
As an immediate consequence of our results, the automorphisms of a generalized cyclic algebra over a field are induced by ring automorphisms of the ring D[t; σ] used in their construction. More precisely, they can be described as the composition of an inner automorphism G c , c ∈ C × , with the canonical extension H τ,1 of some τ ∈ Aut F0 (D) which commutes with σ: A = (D, σ, d ) be a central simple algebra over F 0 , then
Corollary 19. (i) Let
(ii) Let A = (K/F, σ, d) be a cyclic algebra over F of degree m. Then
